Spectral distribution functions of electron-phonon interaction ␣ 2 F() obtained by ab initio linear-response calculations are used to describe various superconducting and transport properties in a number of elemental metals such as Al, Cu, Mo, Nb, Pb, Pd, Ta, and V. Their lattice dynamics and self-consistently screened electron-phonon coupling are evaluated within local density functional theory and using a linear-muffin-tinorbital basis set. We compare our theoretical ␣ 2 F() with those deduced from the tunneling measurements and find a close agreement between them. Temperature-dependent electrical and thermal resistivities as well as transport constants tr also agree well with the experimental data. The values of tr are close to the electronphonon coupling parameter . For the latter a very good agreement with specific-heat measurements was found without any paramagnon contribution, except in Pd. We conclude that our method provides the description of electron-phonon interactions in tested materials with an accuracy of 10%.
I. INTRODUCTION
Electron-phonon interaction ͑EPI͒ in metals is a subject of intensive theoretical and experimental investigations. The interest in this problem arises from a variety of physical phenomena such as electrical and thermal resistivities, renormalization of the electronic specific heat ͑electronic mass enhancement͒, and, of course, superconductivity, and for a quantitative understanding of those a proper description of the EPI is required.
1 Moreover, the reliable estimation of the EPI parameters in a particular case of high-temperature superconductivity may be decisive for recognizing the nature of this phenomenon. Unfortunately, even for some transition metals we have controversial experimental and theoretical data related to the estimation of the coupling constant . The analysis is complicated by possible parallel processes of spin fluctuations, for example, in the problem 2 of renormalization of specific heat and T c or proximity effects in the tunneling data. 3 To extract the quantities of interest one has to use some theoretical calculations and models. In this situation fully ab initio calculations of the one-electron spectra and phonon dispersions based on density functional theory 4 ͑DFT͒ are most preferable. Applicability of the popular local density approximation 5 ͑LDA͒ for the functional and treatment of the one-electron band structures as spectra of lowenergy electronic excitations were checked many times and there exist a large theoretical and experimental experience. 6 This allows us to conclude that even having been formally ground-state theory, DFT is a good starting point for investigating the electron-phonon interaction.
Many previous attempts to compute EPI, in particular, for transition metals, have focused on calculating merely the electronic contribution to this quantity, 7 while the phonon frequencies q and the eigenvectors q were usually taken from inelastic neutron-scattering data. There, the selfconsistent adjustment of the one-electron potential to the phonon distortion was replaced by either a rigid-ion approximation 8 ͑RIA͒ or the most popular rigid-muffin-tin approximation 9 ͑RMTA͒. For isotropic metals, having a large density of states at the Fermi energy, the RMTA works well in many cases, since the efficient electronic screening limits the change of the potential in the immediate vicinity of the displaced atom. However, there are some known problems of the RMTA in transition metals. For example, anisotropy of the mass enhancement factor was not reproduced by the RMTA in Nb. 10 Accurate q and q as well as self-consistently screened electron-phonon interaction can be calculated within the total-energy frozen-phonon approach using the supercells. [11] [12] [13] [14] However, there is a serious drawback of this method. A sufficiently large number of phonon wave vectors q must be sampled in the Brillouin zone to get a good estimate of the average coupling strength . A separate frozenphonon calculation is required for each q and for each studied mode. For small phonon wave vectors this requires very large supercells. With the crude sampling allowed by the limited size of the supercell, the accuracy of q integrated quantities like is usually low.
Another technique which can be employed for calculating the self-consistent change in the potential is the perturbative approach 11 applicable for any q. The key quantity of this method is an independent-particle polarizability function. After applying the first-order perturbation theory and expanding the first-order changes in the one-electron wave functions over the basis of unperturbed Bloch states, the polarizability is expressed via the double sum over occupied and unoccupied states. Winter 15 has successfully applied this method to calculate in Al. Unfortunately, the perturbative approach has several drawbacks. First, the slowly convergent sum over the excited states requires their preliminary calculation by diagonalizing the unperturbed Hamiltonian matrix of very large dimension. Second, the self-consistency in this method is done by inverting the dielectric matrix of the crystal which is a relatively time-consuming problem.
To date, the most efficient technique developed to calculate the lattice dynamics is the solid-state generalization 16 of the Sternheimer method. 17 This method is not limited to q's commensurate with the lattice as the frozen-phonon approach and it does not require the knowledge of all unperturbed states as the perturbative approach. In the previous paper 18 ͑referred hereafter as I͒ we have given a full description of this approach in the framework of the linear-muffintin-orbital ͑LMTO͒ method. 19 The latter allows us to facilitate the treatment of localized valence wave functions. In this paper we present details of generalizing this linear-response method to compute the wave-vector-dependent electronphonon coupling. ͑A brief report of this work has appeared already 20 .͒ We evaluate the spectral distribution functions ␣ 2 F() of the EPI from the phonon linewidths ␥ q according to the approach developed by Allen 21 in the superconductivity theory. 22 The electron-phonon matrix elements are calculated in the LMTO representation. Due to incompleteness of the basis sets in band-structure calculations the corrections to these matrix elements are shown to exist and explicitly taken into account. The incomplete-basis-set ͑IBS͒ corrections appear here in the same manner as in the calculation of the dynamical matrix within the linear-response theory 18 or when calculating the forces within the totalenergy frozen-phonon approach in terms of the LMTO method. 23 We apply the developed scheme to compute electronphonon coupling for a large number of elemental metals. We also present calculations of their phonon dispersion curves. The results of computed transport properties such as temperature-dependent phonon-limited electrical resistivities and thermal conductivities obtained as low-order variational solutions of the Boltzman equation are also given. The method of calculating the transport properties is analogous to that used in the supeconductivity theory and is based 24 on calculating the transport spectral functions ␣ tr 2 F(). All the results presented in this paper are completely ab initio and no adjustable parameters have been used in the calculations.
The rest of the paper is organized as follows. In Sec. II, we derive the formulas for calculating the electron-phonon matrix elements and briefly review the method of finding superconducting and transport properties. Section III presents the results of the calculations for phonon dispersions, electron-phonon interactions, and related properties for a number of elemental metals such as Al, Cu, Mo, Nb, Pb, Pd, Ta, and V. Section IV concludes the paper.
II. METHOD
The central problem in calculating the electron-phonon interaction is the evaluation of changes in the electronic Hamiltonian caused by atomic displacements. This generally requires the knowledge of the full low-energy excitation spectrum of the metal: the quasiparticle energies and the phonon frequencies. The calculations of vibrational properties are, in principle, within the scope of the densityfunctional based methods. Finding the quasiparticle excitation spectra is, on the other hand, a much more difficult many-body problem. In the following we always assume that the quasiparticle energies are necessarily approximated by the LDA energy bands.
In the framework of the density-functional linear-response method the problem of calculating the phonon spectra and the electron-phonon interaction is reduced to finding the first-order variations in the one-electron wave functions, the charge density and the effective potential induced by the presence of a phonon with a given wave vector q. In paper I we have described an approach for the self-consistent solution of this problem in the framework of the LMTO method. In this paper we test the produced self-consistent change in the one-electron potential as the potential of electrons interacting with the phonon mode q . Our task is to evaluate the electron-phonon matrix element g kϩqj Ј ,kj q The latter is conventionally written in the form
where both states kj and kϩqj Ј have the Fermi energy ⑀ F and where the change in the potential is transformed from the Cartesian system to the system associated with the eigenvectors q (R) of a particular q mode:
where M R are the nuclei masses. Here and in the following the same notations as in I are used. It is not obvious but the expression ͑1͒ for g kϩqj Ј ,kj q should be corrected for the incompleteness of the basis functions. To see this we have to repeat the standard quantummechanical derivation of the Fermi ''golden rule'' for the wave functions represented in terms of the LMTO basis set. The derivation considers a scattering rate for transitions from an initial unperturbed state into a final perturbed state at the time moment t. For the illustration let us take some Hamiltonian H and a perturbation ⌬V. To simplify the notations we denote the initial state as s (t) and the final state as r (t). The scattering rate is given by the overlap integral squared:
In the time-dependent formulation we write
We now use a variational estimate for the wave fucntions like it is done in the LMTO method As we have argued in I in order to obtain the best variational estimate for the perturbed wave function r (t) to the first order, one should take into account both the change in the expansion coefficients, ⌬A r , and the change in the basis set, ⌬ ␣ , as seen from varying Eq. ͑6͒. Keeping the contributions to linear order, the overlap integral between the initial and final state has the form where both the change in the Hamiltonian and the overlap matrix contain the terms associated with the variation of the basis functions, i.e.,
͑12͒
In order to solve Eq. ͑11͒ we use the following representation:
Then, the coefficients ⌬B r (t) are given by
and the matrix element ͑9͒ is rewritten as follows: 
where ␦ q ␣ k denotes the variation of the MT basis functions due to the phonon distortion of the q mode. It is connected with the variation ␦ ؉ ␣ k /␦R in the same way as for the induced potential, Eq. ͑2͒. Note that ␦ q ␣ kϪq is a Bloch wave of the vector k since only this gives a nonzero contribution to the integral with kj . The last two contributions in ͑17͒ represent the IBS corrections which are not vanished unless kj , kϩqj Ј are the exact solutions.
The key formula ͑17͒ can be understood very simply if we will interpret the electron-phonon matrix element as a splitting of the degenerate band ⑀ kj ϭ⑀ kϩqj Ј ϭ⑀ F due to the phonon distortion. As we discussed in I, the first-order correction to ⑀ kj found as a change in the eigenvalue of the matrix problem contains both the expression of the standard perturbation theory as well as the incomplete-basis-set corrections ͓see formulas ͑9͒ and ͑12͒ in I͔. It would be advantageous to use that formula because the eigenvalues of the matrix problem are variationally accurate for the whole range of parameters variation. It is a standard exercise to show that in the case of the degenerate band ⑀ kj ϭ⑀ kϩqj Ј the development of the perturbation theory for the matrix eigenvalue problem will lead to the band splitting given by the formula ͑17͒.
The expression ͑17͒ is thus the linear-response analogy of evaluating the electron-phonon matrix elements via the splitting of the bands in the frozen-phonon method as done in Ref. 14. It is less sensitive to the errors in the wave functions introduced by the variational principle, has a correct longwavelength behavior, and allows one to avoid the inclusion of d-f transitions in d-electron systems.
For the electron-phonon spectral distribution functions ␣ 2 F(), we employ the expression 21 in terms of the phonon linewidths ␥ q ,
where N(⑀ F ) is the electronic density of states per atom and per spin at the Fermi level. When the energy bands around the Fermi level are linear in the range of phonon energies, the linewidth is given by the Fermi ''golden rule'' and is written as follows:
͑19͒
The spectral distribution function ͑18͒ and its first reciprocal moment are usually used to describe such important manifestation of the EPI as superconductivity and some normalstate properties. One such property is an enhancement of the electronic mass for the electron at the Fermi energy when its velocity v k is reduced by the factor 1ϩ k due to the interaction with phonons. The value of k is given by the reciprocal moment of the so-called k-dependent electron-phonon spectral function ␣ k 2 F().This renormalization is observed in the de Haas-van Alphen and cyclotron-resonance experiments. As a consequence, the low-temperature electronic specific heat is also renormalized. For the latter effect it is sufficient to know only the Fermi-surface averaged value of k , i.e., .
A full description of the superconducting state can be obtained by solving the Eliashberg gap equations which relate the energy-gap function and the renormalization parameter for superconducting state to the electron-phonon and the electron-electron interactions in the normal state. 22 The electron-phonon-coupling function is given by ␣ 2 F(). The Coulomb interaction is usually represented by some constant *. A detailed nature of the effective Coulomb repulsion is not very well known. Fortunately, various definitions for * have only a weak influence on the solution of the gap equations and its values can, e.g., be found by adjusting the calculated transition temperatures to the experimental ones.
Electron-phonon scattering has a dominant contribution to the electrical resistivity for reasonably pure metals except for the very low-temperature region where the impurity and electron-electron scattering are important. The influence of the EPI on the transport properties are described in terms of the transport spectral function
͑20͒
Here ͗v x 2 ͘ is the average square of the x component of the Fermi velocity. In the lowest-order variational approximation ͑LOVA͒ for the solution of the Boltzmann equation the expressions for electrical and thermal resistivities are
with xϭ/2k B T. The LOVA results ͑20͒, ͑22͒ give the upper bound to the resistivities and allow us to test the calculated ␣ tr 2 F().
III. RESULTS

A. Technicalities
Our calculations of phonon dispersions and electronphonon interactions for the elemental metals such as fcc Al, Cu, Pb, Pd, and bcc Mo, Nb, Ta, V are performed in the framework of the linear-response LMTO method. 18 The details of the calculations are the following: We find the dynamical matrix and the phonon linewidths for these materials as a function of wave vector for a set of irreducible q points at the (8, 8, 8) reciprocal lattice grid ͓29 points per 1/48th part of the Brillouin zone ͑BZ͔͒. The (I,J,K) reciprocal lattice ͑or Monkhorst-Pack 25 ͒ grid is defined in a usual manner: The k-space integration needed for constructing the induced charge density and the dynamical matrix is performed over the (16, 16, 16) grid ͑145 points per 1/48th part of the BZ͒, which is twice denser than the grid of the phonon wave vectors q. We use the improved tetrahedron method of Ref. 26 . However, the integration weights for the k points at this (16, 16, 16) grid have been found to take precisely into account the effects arising from the Fermi surface and the energy bands. This is done with help of the energies ⑀ kj generated by the original full-potential LMTO method at the (32,32,32) grid ͑897 points per 1/48 BZ͒. The procedure is explained in paper I ͑Ref. 18͒ in detail and allows us to obtain more convergent results with respect to the number of k points.
The k-space integration for the phonon linewidths ␥ q is very slowly convergent because it involves two ␦ functions according to Eq. ͑19͒. It is performed with the help of the (32, 32, 32) grid in the BZ by means of the tetrahedron method of Ref. 27 . The largest numerical error of ␣ 2 F() comes from the integration over q in the expression ͑18͒. Its magnitude, we estimated by performing the integration over merely the band-structure factor ͓which is ␥ q approximated by ͚ kj j Ј ␦(⑀ kj Ϫ⑀ F )␦(⑀ kϩqj Ј Ϫ⑀ F )͔ using, respectively, (8, 8, 8) and (32, 32, 32) grids and found to be not larger than 7% in all cases.
A few words should be said about the lattice parameters used in the calculations. It is known that the equilibrium cell volume V found theoretically by the corresponding LDAbased total-energy calculation is frequently obtained slightly lower than the experimental volume V 0 . This usually leads to the calculated at V 0 phonon frequencies which are softer comparing to the experimental ones. Often, a better agreement with the experiment can be obtained by performing the linear-response calculations at the theoretical volume. This is, in principle, a justified procedure from theoretical point of view. Unfortunately, the prescription does not work when calculating the phonon linewidths and ␣ tr 2 F(): the results of calculated electrical and thermal resistivities agree less well with the experiment. The reason for this discrepancy is connected with the sensitivity of these quantities to the shape of the Fermi surface. It turns out that the use of the Fermi surfaces calculated at the experimental lattice constants considerably improves the results. We can thus use theoretical volumes in the linear-response calculations of phonon dispersions and the electron-phonon matrix elements. To find the phonon linewidths and ␣ tr 2 F() we can use, on the other hand, the energy bands entered ͑19͒ which are generated at the experimental lattice constants. We understand that it is not a well justified procedure to use different lattice parameters in one calculation, but it somewhat helps to minimize the errors connected with the LDA by simple means. The actual volume ratios V/V 0 used in our calculations to find the changes in the one-electron potentials are listed in Table I .
Another comment concerns the choice of the exchangecorrelation potential. The general strategy employed by us is to use the exchange-correlation formula which gives the best prediction of the cell volumes. The von Barth-Hedin-like formula after Ref. 28 is employed for all the metals except Cu and V. For the 3d metals we have found that this formula gives the theoretical volumes which are too small (V/V 0 ϳ0.9). For Cu and V the Ceperley-Alder form 29 of the exchange-correlation potential parametrized after Ref. 30 is used which gives the ratios V/V 0 being much closer to unity ͑see Table I͒ . Finally note that in Ref. 20 we have used a different method for treating the full-potential terms in the calculation which was based on the atomic cells and the one-center spherical-harmonic expansions. 23 This method is not directly applicable to calculate phonon dispersions for materials with open structures such as, e.g., the diamond structure and requires the replacement of empty sites of the lattice by empty spheres. This complicates the evaluation of the dynamical matrix. In I we have employed another approach based on the plane-wave expansions for the LMTO's in the interstitial region and have applied the method to calculate the phonon spectra in Si and NbC. While the materials considered in this work have close-packed bcc or fcc structures we also apply this method which is more general for practical use. Some of the results for Al, Nb, and Mo previously published 20 do not noticeably differ from those presented below in this paper.
B. Lattice-dynamical properties
In Table I we report the values of the calculated phonon frequencies at the high-symmetry points X and L for the fcc metals Al, Cu, Pb, and Pd as well as at the points H and N for the bcc metals Mo, Nb, Ta, and V. For the comparison, the experimental frequencies 31 are also listed in Table I along with the theoretical-to-experimental volume ratios which have been used in the calculations.
Our results for the phonon dispersions along several symmetry directions together with the corresponding densities of states for these materials are displayed in Figs. 1͑a͒-͑h͒. The theoretical lines result from the interpolation between the calculated frequencies which are denoted by circles. Many neutron-diffraction measurements are available 31 for nearly all the metals considered here and these data are also shown in Fig. 1 by triangles. The only exception is V for which the dispersion relations cannot be studied with neutrons since V is an almost totally incoherent neutron scatterer. While some x-ray diffraction measurements exist in the literature 31 their accuracy seems to be less satisfactory than the corresponding neutron-scattering data for other materials and we do not show the experimental points for V. From Fig. 1 we see that the agreement between theory and experiment is good. Most of the calculated frequencies agree within a few percent with those measured. This also follows from the numerical values listed in Table I . In particular, for Al ͓Fig. 1͑a͔͒ a very good agreement is found in all directions. As we have mentioned already, this calculation is performed at the theoretical volume (V/V 0 ϭ0.955). We have also checked the setup with the experimental volume and found a considerable softening ͑about 20%) of the transverse modes. This illustrates the importance of performing lattice-dynamical calculations at the theoretical volumes.
The most important consequence of our calculation for lead ͓Fig. 1͑b͔͒ is that the pronounced dip of both the longitudinal and transverse branches near the X point is well reproduced. We have also found a slight overestimate of the transverse phonon frequencies near this zone boundary which can be attributed neither to the discrepancy in the cell volume (V/V 0 ϭ1.002) nor to the neglection of the semicore states. ͑We have, in fact, included both 5d and 6d states in the main valence panel.͒ This kind of disagreement has also been recently reported in Ref. 32 using the linear-response pseudopotential technique. It is possibly connected with the use of the local density approximation or the lack of spinorbit coupling effects in our calculation.
The most interesting cases are V, Nb, and Ta ͓Figs. 1͑c͒, ͑d͒, ͑e͒, respectively͔. The materials belong to group V of the Periodic Table and all of them show anomalous behavior of the phonon-dispersion curves. The presence of anomalies is, first of all, connected with the well-known dip of the longitudinal mode in the (00) direction. The dip is correctly reproduced by our calculation. Other important features of our calculation are ͑i͒ the softening of the transverse mode along the (00) direction at long wavelengths which is rather sharp in both V, Nb and is weaker in Ta as well as ͑ii͒ the crossover of two transverse branches in the (0) direction. The latter is, in fact, predicted for Ta because the measured dispersions in this direction are absent for the T 1 branch except the zone-boundary point N.
The theoretical phonon dispersions for Mo also agree well with the experiment. The consequences of our calculations here are the reproduced softening near the H point and the absence of the large dip along the () direction near ϳ0.7. The dip is presented in the dispersion curves of nearly all bcc metals except for Mo and Cr, and is certainly the feature of the behavior of the crystalline structure factor which enters the dynamical matrix as a sum over lattice vectors with the phase shift exp(iqt). Its absence indicates a considerable wave-vector dependence of the electron-phonon matrix elements which seems to be well reproduced by our method.
Finally, we compare the results of our calculations for Cu and Pd which are presented in Fig. 1͑f͒ and Fig. 1͑g͒ . The dispersion relations for these materials do not show the anomalies and are smooth. A slight overestimation of the theoretical phonon frequencies is found for both these metals. The overestimation can likely be corrected by the use of the cell volumes in the calculation which would be slightly larger than those found within the LDA. However, such a procedure is not justified theoretically. We think that employing the gradient-corrected density functional 33 known to predict much better the equilibrium lattice parameter will allow us to improve these results.
C. Superconducting properties
We now discuss applications of our ab initio linearresponse method to calculate the electron-phonon coupling and superconducting-state properties. First, we present our results for the spectral distribution functions and . Second, we describe our applications to solving the Eliashberg gap equations.
Calculated ␣ 2 F() for Al is shown in Fig. 2͑a͒ ͑full line͒. The positions of the maxima here are conditioned by the form of the phonon density of states with the low-frequency phonon peak suppressed by the coupling function ␣ 2 () ͑dashed line͒. ͓The latter is defined simply as the ratio ␣ 2 F() to F().͔ The broad phonon spectrum in Al is extended up to the maximal frequency max Ϸ470 K. The theoretical ␣ 2 F() in Fig. 2͑a͒ is compared with the results of the tunneling measurements 3 ͑squares͒. We find a rather good agreement between the two curves. In fact, our ␣ 2 F() is also found to be practically identical to the empirical pseudopotential result of Ref. 34 based on the rigidion approximation. The latter is known to work well in simple metals. General agreement is found between our and the ab initio frozen-phonon results of Dacorogna et al. 12 for the dispersion of the phonon linewidths along the highsymmetry directions. The only exception is that, in the (00) direction, our longitudinal branch of ␥ q exceeds theirs by a factor of 2. This is presumably connected with replacing the ␦ functions in ͑19͒ by Gaussians used in Ref.
12. However, the relative weight of our high ␥ values in the integrated quantities, such as ␣ 2 F() and , is found to be very small. Our value of is 0.44 which is very close to the value of tun ϭ0.42 extracted from the tunneling measurements. 3 The frozen-phonon 12 and linear-response calculations of Winter 15 gave, respectively, ϭ0.45 and 0.38. The value of sϪh extracted from the electronic specific-heat coefficient ␥ and our calculated density of states N(⑀ F ) using the relation
is 0.43 ͑see Table II͒ . In order to check previous conclusions 15, 40 about the inapplicability of the RMTA for sp metals, we also performed such a calculation and indeed found RMTA ϭ0.14.
Lead is a well-studied classical example of strongcoupled superconductor with T c ϭ7.19 K and its tunneling spectra have been studied a long time ago. 35 Obtained ␣ 2 F() using our linear-response method is presented in Fig. 2͑b͒ , where it is compared with the results of the measurements. 35 The two curves are similar. Our calculated ϭ1.68 is found to be 8% larger than the tunneling value 1.55 and only 2% larger than the value 1.64 extracted from specific-heat data ͑see Table II͒ . This disagreement is well within the accuracy of our calculation.
We now report our results for V, Nb, and Ta which are the best-studied elemental superconductors because of their relatively high-T c values. Especially, for Nb which has the highest T c ϭ9.25 K among the elemental metals, there exist many experimental investigations of the tunneling spectra [36] [37] [38] [39] and theoretical RMTA-based calculations. [40] [41] [42] Unfortunately, some of the results which have been reported in the literature are controversial. First, the RMTA calculations give the values of varying from 1.12 to 1.86. Second, the tunneling estimates of the coupling constant for Nb and V are difficult because of the oxidation of the surface layers.
Having lower transition temperature, such oxides act on the tunneling spectra due to the proximity effect. The experimental in Nb varied in the past from the values 36 0.58Ϫ0.68 with negative or anomalously small * to the value 37 0.9. At present, a satisfactory explanation of the anomalous behavior of the thermally oxidized tunneling junctions in Nb appears to be possible which gives the values 38,39 of tun ϭ0.92Ϫ1.22. In Figs. 2͑c͒ , ͑d͒, ͑e͒ we present our calculated ␣ 2 F() ͑full lines͒ for V, Nb, and Ta, respectively. They all have rather broad spectra extended up to max Ϸ370 K, 310 K, and 240 K. The coupling function ␣ 2 () ͑dashed line͒ in these metals only slightly deviates from constant in a major part of the frequencies. The approximation ␣ 2 ϭconst works very well in Nb and Ta. This qualitative result implies that the electron-phonon coupling can be factorized into electronic and phonon-dependent factors. 44, 9 In Fig. 2 the calculated spectral functions are compared with the results of the tunneling measurements ͑squares͒. As it can be seen for V ͓Fig. 2͑c͔͒, our ␣ 2 F() disagrees with the measured one 46 because of the appearance of the upper phonon peak not presented in the experiment. Even though the theoretical ␣ 2 F() should be broadened because the ␦ function in Eq. ͑18͒ ought to be a Lorentzian of half width ␥ q , the electron-phonon coupling estimated by us (ϭ1.19) is 40Ϫ50 % stronger than the obtained tun ϭ0.82. The same situation is found for Nb. Our calculation here ͓Fig. 2͑d͔͒ also does not show the suppression of the longitudinal peak. The latter is absent in nearly all the experiments for this metal. 38 ͓A typical measured spectrum 3 is shown in Fig. 2͑d͒ by squares͔. As a result, the calculated ϭ1.26 is 20% higher than tun ϭ1.04
The discrepancy found by us has already been reported in the past RMTAbased calculations. 41, 42 To check the consistency of our results with the earlier ones, we have performed our own RMTA calculations and obtained complete agreement between them. We thus conclude that the full inclusion of screening does not resolve the problem of the suppressed longitudinal peak. Unfortunately, our comparison with the experiment is complicated by the proximity effect and the extraction of the tunneling densities of states depends on the way the measured data are processed. For example, in Nb the value of tun ϭ1.22 deduced from the tunneling experiments ͑which is only 3% lower than that found by us͒ has been reported in the literature. 39 The obtained ␣ 2 F() ͓denoted in Fig. 2͑d͒ by triangles͔ is found much closer to our calculation.
A better understanding of the present situation can be achieved by comparing the theoretical and the experimental 47, 3 tunneling spectra for Ta since its superconducting properties are close to those of V and Nb but this metal is much less reactive with oxygen. Such a comparison is given in Fig. 2͑e͒ . We find rather good agreement between both curves. In particular, the upper phonon peak is not suppressed in the measured ␣ 2 F()and its amplitude is comparable with that calculated by us. As a result, the theoretical ϭ0.86 agrees within 10% with the tun ϭ0.78.
In view of the data on Ta we cannot consider the discrepancy found for V and Nb as a drawback of either our linearresponse method or the use of the local density approximation. Partially this conclusion is also verified by alternative estimates of the coupling constant based on the specific-heat data and the de Haas-van Alphen ͑dHvA͒ experiments, but it should be noted that both cyclotron masses and the specificheat coefficient are also enhanced by the electron-electron interactions. Evaluation of the average coupling from the specific-heat measurements 51 yields an enhancement of 1.00 for V and 1.17 for Nb ͑see 10 . ͑Note that the calculated within the RMTA anisotropy of the mass enhancement strongly disagrees with these data. 48 ͒ Moreover, we have estimated the transport constants tr for these metals both from the calculated and measured resistivity data. The values of tr are usually believed to be close to the superconducting ones. ͑A complete report of our calculated transport properties will be given in the following subsection.͒ For V, the value of tr found by us is 1.15 and, for Nb, tr ϭ1.17. The calculated electrical and thermal resistivities are also close to those measured. It therefore seems that our electron-phonon coupling is accurate ͑within the computational accuracy of order 10%) while the effect of the electron-electron interactions is small in these metals.
As the next two examples, we report the results of our applications for Mo and Cu. There are no tunneling data for these materials because of their low T c and the weakness of phonon effects. The calculated spectral functions are presented in Figs. 2͑f͒, ͑g͒. Both curves qualitatively agree with the corresponding phonon state densities shown for these metals in Figs. 1͑f͒, ͑g͒, but a considerable frequency dependence of the electron-phonon prefactor ␣ 2 () ͑indicated by dashed lines͒ is also predicted. For Mo our linear-response calculations are found to be close to our RMTA calculations and to earlier ones. 49 The estimated average coupling here is 0.42 which can be compared with the value 0.45 deduced from the specific-heat measurements ͑see Table II͒ . The calculated value of for Cu is 0.14. The specific-heat estimate here is less reliable possibly because of the smallness of and errors due to the experimental uncertainty in the value of ␥. Quite likely, however, there are some errors in the DFT value of the density of states connected with the many-body effects since the copper valence shell 3d 10 is close to the strongly correlated 3d 9 configuration. It is known that within DFT the position of d band is higher than experimentally observed. The band which crosses the Fermi level is essentially s band but the effect of hybridization with the d band should lead to a lowering of the Fermi velocities. The latter effect is stronger if the d band is closer to the Fermi energy. To obtain 1ϩ sϪh ϳ1.1, one has to reduce our calculated N(⑀ F ) by approximately 20% which is a reasonable estimate for the expected influence of the Coulomb correlations. Concerning other estimates of based on the transport properties, our calculated tr ϭ0.13 while this value extracted from the measured resistivity data is 0.12 ͑see following subsection͒. Both values are in agreement with our superconducting .
As the last example, we consider Pd and discuss paramagnon effects. The superconductivity in Pd is absent because of the large spin fluctuations.
2 There was also a discussion in the literature 50 on the paramagnon contributions to the mass enhancement in Nb and V. The occurrence of paramagnons is connected with the fluctuations of the electron spins. Paramagnons usually counteract superconductivity since the latter has its origin in the formation of pairs with the opposite spins. To extract the paramagnon contribution, we can use our calculated values of together with the specific-heat 51, 52 estimates sϪh after formula ͑23͒. The necessary data are listed in Table II . Comparing these results does not leave any place for spin ϭ sϪh Ϫ in all the materials except in Pd which is a typical example for paramagnon effects. Here sϪh ϭ0.69 and with the use of our calculated ␣ 2 F() ͓Fig. 2͑h͔͒, the average electron-phonon coupling is found to be equal to 0.35. This results in our value of spin ϭ0.34 for Pd which is close to its earlier estimate 0.31 based on the RMTA calculation. 43 After comparing the calculated and experimental spectral functions, we present the results of our applications to solving the Eliashberg gap equation with our knowledge of ␣ 2 F(). Having fixed the Coulomb pseudopotential *, the superconducting state is now completely described by the strong-coupling theory of superconductivity. 22 According to the Allen-Dynes 45 modified McMillan 44 formula,
the effect of the first reciprocal moment of ␣ 2 F() on T c is most important. Unfortunately, the estimation of the coupling constant from T c is difficult because of the un-known value of *. We use a standard Matsubara technique to solve numerically the Eliashberg equation for T c and have found * which gives the experimental value of T c . The cutoff parameters cut were taken to be equal to ten phononboundary frequencies max . To treat the Coulomb pseudopotential in terms of the expression ͑24͒ when solving the Eliashberg equation, we have rescaled actually used parameters *( cut ) to *ϭ*( log ) according to Table III reports the obtained * values. The main conclusion here is that the calculated * varies between 0.11 and 0.17 which is close to the conventional value usually taken, ϳ0.13. The noticeable exceptions are only Nb and, especially, V for which too large * have been found. Of course, this overestimation occurs over the conventional quantity 0.13 while the detailed theoretical data on the Coulomb pseudopotential are unknown. We think that the obtained quantities are still below the upper limit for the allowed * values. Also listed in Table III are the values of T c McM evaluated after ͑24͒ with our calculated log , , and *. As it can be seen, the exact solution of the Eliashberg equation gives T c ͑chosen to be the experimental value͒ which slightly deviates from that estimated after the McMillan expression. The accuracy of the later is averagely about 15%.
To conclude that our spectral functions provide a proper description of superconductivity we have found the energygap parameters ⌬ 0 . These results are shown in the last two rows of Table III . The available tunneling data for Al give ⌬ 0 coinciding with the theoretical value. Some overestimation of the coupling constant in comparing to the experimental one has taken place in Pb, while ⌬ 0 agrees very closely. Let us turn to the important case of transition metals V, Nb, and Ta. As we have discussed already, the main difficulties in the tunneling studies in V and Nb are connected with the oxidation of the surface layers and the tunneling estimations of the coupling constant in Nb varied considerably in the past. In contrast to it, the measured superconducting gap in Nb has approximately the same values in all the experiments and is equal to 1.56 meV. 3 This value perfectly agrees with that found by us which is equal to 1.53 meV. We have also found a good agreement in the energy gap for V which is within 4% of the experimental one. The discrepancy in the energy gap for Ta is again 1Ϫ2 %. Because of the low transition temperature there is no tunneling data for Mo and we only give the theoretical value of ⌬ 0 . We thus see that despite the discrepancy in evaluating the coupling constants, an extremely good agreement (1Ϫ2 %) is obtained for the predicted gap data. Such a coincidence is readily understood because the ratio 2⌬ 0 /T c is slowly varying for different superconductors. ͑It is 3.52 within the BCS theory.͒ Fixing the T c to its experimental value makes the value of ⌬ 0 insensitive to the errors in ␣ 2 F() and . To summarize, we have found that our results for the spectral functions and, in particular, for the coupling constants are realistic for the correct description of the superconducting properties. Especially, excellent agreement has been found between our calculated and the values extracted from specific-heat measurements. The values of deduced from the available tunneling experiments also agree within 10% with our calculations in all the materials except Nb and, especially, V. However, taking into account the past tendency to correct the tunneling spectra for Nb as well as our calculations for Ta, we do not consider these discrepancies as essential.
D. Transport properties
We now report the results of our applications for calculating the electron-phonon contribution to the electrical and thermal resistivities ͑conductivities͒. This field remains very important and interesting, first, because the easily measured transport properties and, especially, the electrical resistivities, provide valuable information on the electron-phononcoupling strength and, second, no large-scale investigations of these properties by ab initio theoretical calculations appeared so far.
We calculate the electrical and thermal resistivity using the low-order variational approximation ͑LOVA͒ and our theoretical transport spectral functions found after Eq. ͑20͒. As follows from Eqs. ͑21͒ and ͑22͒ at high temperatures:
and important information is contained in the transport constant tr defined by
It is usually believed that the latter is close to the superconducting because the expressions for ␣ tr 2 F() and ␣ 2 F() are quite similar, except for the factor ͓1Ϫv(k)v(kЈ)/͉v(k)͉ 2 ͔, which preferentially weights the backscattering processes. However, there may exist a signifi- 53 due to the contribution from the backscattering of electrons between the opposite sides of the nested Fermi surface.
Despite the complexity of the Fermi surfaces in the transition metals, we have obtained the transport functions ␣ tr 2 F() quite close to the superconducting ␣ 2 F() which have been shown in Fig. 1 . The latter is also true for the simple metals considered in this work. Unfortunately, we have not investigated an interesting question about the lowfrequency behavior of the ␣ tr 2 F() due to a relatively coarse grid of the phonon wave vectors used for integrating the Eq. ͑20͒. The values of tr calculated from our transport functions are listed in Table IV . Comparison between tr and superconducting constants calculated earlier ͑Table II͒ gives the difference between them within 20% in all the tested materials. This is in agreement with previous conclusions that tr ϳ for transition metals. 54 The results of our calculated electrical resistivity (T) and thermal conductivity w Ϫ1 (T) are presented, respectively, in Fig. 3 and Fig. 4 ͑full lines͒, This is so because the description of the transport properties at high temperatures require us to take into account the anharmonicity effects and the Fermi-surface smearing. At low temperatures ͑usually when TϽ⌰ tr /5) the calculations will demand the inclusion of the N sheet 54 and the inelasticity corrections beyond LOVA. 54 Also, here a more careful integration over the Brillouin zone is necessary to produce a correct limit of ␣ tr 2 F() when →0. Moreover, we cannot consider very low temperatures because of the effects of electron-electron scattering, size effects, impurity scattering, etc., which may give considerable contributions in addition to the electron-phonon scattering. The latter is basically responsible for the electrical resistivity of a metal at high temperatures in the absence of spin fluctuations. For the thermal conductivity, the lattice contribution to the heat current also exist and must be taken into account at the temperatures at least less than 100 K. From Table IV we see that, except lead, the values of ⌰ tr in all other materials are well above the low-temperature region and the comparison of our results with the measured ones must be relevant at the intermediate temperatures.
To compare the theoretical transport constants with the experiment, we fit the measured data 55 for (T) by a polynomial series
at the temperatures ⌰ tr /2ϽTϽ2⌰ tr with nϭ2. ͑The accuracy of the fit varies within 3% if n is increased.͒ The empirical values tr exp were then found using the extracted coefficient c 1 as follows:
where p is our calculated bare plasma frequency and tr exp ϭ0.39. The reduction of the coupling constant ( calc ϭ0.44) to the transport one is less than 20%. There is also an agreement between the theoretical curve and the experimental points 56 for the thermal conductivity ͓Fig. 4͑a͔͒ above 150 K. The theory, however, underestimates w Ϫ1 (T) at the lower temperatures. An obvious explanation here is the neglection of the lattice contribution to the thermal current. In fact, as can be seen from Fig. 4 , such an underestimation at the low temperatures exist in all other materials considered in this work.
A comparison with the experiment is complicated for lead because of its low phonon energies (⌰ tr ϳ75 K͒ and the importance of the anharmonic effects already at the low temperatures. The latter can possibly explain our discrepancy in the calculated electrical resistivity behavior shown in Fig.  3͑b͒ . The same disagreement exists in our results for the thermal conductivity, Fig. 4͑b͒ . Here, the discrepancy is minimal at the temperatures near 75 K and grows fastly as the temperature increases mainly because of the linear decay of the measured thermal conductivity. This obviously contradicts with the LOVA behavior of w Ϫ1 (T) and is consistent with our assumption on the importance of the anharmonicity. Unlike in the other considered metals, the computed value 1.19 of the transport constant here is significantly smaller than the electron-phonon ϭ1.68. This reduction could also point out the importance of the anisotropy in the electronphonon scattering as well as the Fermi-surface effects which are not well reproduced by LOVA. In the absence of a calculation beyond LOVA it is difficult to determine the main source of errors.
Measured resistivity for Nb starts to saturate at high temperatures. In fact, this effect is evident ͓Fig. 3͑d͔͒ at the temperatures above 2⌰ tr ϳ400 K and it does not appear at the intermediate interval where the behavior of the resistivity only slightly deviates from the LOVA prediction. Comparing the calculated tr ϭ1.17 and the empirical values tr exp ϭ1.11 gives the agreement about 5%. Like in Nb, there is a complete agreement between the theoretical and the experimental data for V ͓Fig. 3͑c͔͒ at the temperatures ⌰ tr /5ϽTϽ2⌰ tr ͑calculated ⌰ tr ϳ260 K͒. The theoretical tr ϭ1.15 coincides with the tr exp found empirically. The applicability of our method to the description of the transport properties for both V and Nb is also supported by comparing the thermalconductivity data, Figs. 4͑c͒ and 4͑d͒. Figure 3͑e͒ and Fig. 4͑e͒ present the results of our calculations in Ta. For w Ϫ1 (T), an excellent correspondence of the theoretical prediction with observed behavior is obtained, but (T) is underestimated in our calculation within 10Ϫ12 %. As a consequence, the evaluated tr exp ϭ0.93 slightly exceeds the value 0.83 of the theoretical transport constant. The discrepancy is, in principle, within our computational errors. Note, however, that the experimental behavior 55 of (T) used in evaluating tr exp may depend on the sample purity and should be verified by several measurements. The disagreement can also be assigned to the influence of high-temperature effects in the vicinity of the upper limit (2⌰ tr ϳ340 K͒ of the intermediate interval.
The results for Mo are given in Fig. 3͑f͒ and Fig. 4͑f͒ . To avoid the influence of high-temperature effects we have dropped out the measured resistivity points at the temperatures above 300 K ͑the calculated ⌰ tr ϳ290 K͒. Fitting for TϽ300 K gives the result for the empirical transport constant tr exp ϭ0.40 which is close to our prediction, tr calc ϭ0. 35 . The agreement in the thermal-conductivity data is satisfactory for the whole intermediate interval.
The slope of the resistivity in Cu, Fig. 3͑g͒ , is also obtained quite accurate as in the other materials. The value of tr is only slightly overestimated in the calculation. The discrepancy in the calculated thermal conductivity, Fig. 4͑g͒ , is larger and is about 20% at the room temperature. We cannot explain such disagreement by the renormalization due to the Coulomb correlations because, having been proportional to the ratio tr / p 2 both (T) and w Ϫ1 (T) must be insensitive to this effect in the first order. The underestimation of the theoretical w Ϫ1 (T) can point out the largeness of the lattice contribution to the thermal conductivity at the temperatures above 100 K. Unfortunately, there is a number of known difficulties to extract the latter values from the experiments. 57 From the low-temperature data analysis 57 one may conclude that the contribution to the thermal resistivity, w eϪh p , from the process of a phonon decay by emitting electron-hole pairs is very small for Cu because of the apparently weak electron-phonon coupling (ϳ0.12Ϫ0.14). This supports our explanation for the obtained discrepancy.
Finally, the predicted transport properties of Pd are presented in Fig. 3͑h͒ and Fig. 4͑h͒ . Like Cu, this metal has a 4d 10 electronic configuration, but, in contrast to Cu, we have found a very good agreement between the calculated curve w Ϫ1 (T) and its measured behavior. We can consequently judge that the thermal conductivity carried by phonons is small in this case which is consistent with the conclusion 57 that the contribution w eϪh p is large for Pd. We have also found an underestimation of the electrical resistivity in the calculation. The agreement between tr and tr exp ͑see Table  IV͒ is about 15% which is, in principle, the upper limit of our computational uncertainty. Most likely, however, that the additional spin-fluctuation mechanism of the resistivity is also present in this metal.
In summary, the behavior of (T) and w(T) is consistent with the results ͑26͒, ͑27͒ at the intermediate temperatures and there is no significant discrepancy between our calculations and the experimental points. More precisely, we have extracted the values of tr exp using the experimental data for (T) together with our band-structure value of p and found the agreement between the experimental and the theoretical transport constants to be about 10% ͑in particular, lower than 5% for Al, Nb, Mo, and V͒. In fact, compared with the experiment is the ratio tr / p 2 . Except possibly Cu and Pd, the DFT-based band-structure calculations assumed to provide the proper magnitude for the plasma frequency. So, we drop the possibility of error cancellations and conclude that the theoretical tr are in the real agreement with the experiment. A relatively high error level in Pb can be explained by the importance of the anharmonic effects. The large lattice contribution to the thermal conductivity could affect our comparison for Cu. In Pd, the additional mechanism of the resistivity can also take place. Nevertheless, taking into account the agreement in the other calculated properties, we think that our description of the electronic transport in the considered materials is quite satisfactory.
IV. CONCLUSION
We have presented ab initio linear-response calculations of the electron-phonon interaction in the transition metals Cu, Mo, Nb, Pd, Ta, V, and in the sp metals Al, Pb using the local density-functional method and the LMTO basis set. Our results for the lattice dynamical, superconducting, and transport properties in these materials agree well with the experiment. They can be summarized as follows: ͑i͒ we have obtained tunneling spectral functions ␣ 2 F() and their first reciprocal moments close to the measured ones; ͑ii͒ the correct values for the superconducting energy gap have been found using our calculated ␣ 2 F() and * corresponding to the experimental T c ; ͑iii͒ the solution of the Eliashberg equation for T c ͑or for * if T c is fixed͒ is well approximated by the conventional McMillan formula; ͑iv͒ the mass enhancement observed in the specific-heat measurements corresponds very well to our calculations and there is no paramagnon contribution in all the metals except Pd; ͑v͒ we have found the electrical and thermal resistivities in agreement with the measured data; ͑vi͒ we have also found them to be well described by the LOVA expressions; ͑vii͒ the theoretical transport constants agree with the values of tr exp within 10%. To summarize all of these results, we conclude that our method gives the description of the electron-phonon coupling with the accuracy of order 10%. We also conclude that the effect of renormalization of the energy bands due to electron-electron interactions is small ͑less than 20%, strictly speaking͒ in all considered materials. Some discrepancies between the theoretical and the tunneling values of in Nb and V can be assigned to the difficulty in processing the tunneling data. Nevertheless, it seems to us that more experimental and theoretical work is necessary to account for the large and * in Nb and, especially, in V.
